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HUMBERT SURFACES AND THE KUMMER PLANE

CHRISTINA BIRKENHAKE AND HANNES WILHELM

ABSTRACT. A Humbert surface is a hypersurface of the moduli space A2 of
principally polarized abelian surfaces defined by an equation of the form az; +
bza + cz3 + d(23 — z123) + e = 0 with integers a,...,e. We give geometric
characterizations of such Humbert surfaces in terms of the presence of certain
curves on the associated Kummer plane. Intriguingly this shows that a certain
plane configuration of lines and curves already carries all information about
principally polarized abelian surfaces admitting a symmetric endomorphism
with given discriminant.

Let (X, Lo) be a principally polarized abelian surface over the field of complex
numbers. Its endomorphism ring End(X) is either Z, an order in a real quadratic
number field, an order in an indefinite quaternion algebra over Q, an order in a
quartic CM field or, if X is isogenous to a product of elliptic curves, End(X) is
either Z x Z, an order in Ms(F') with F' = Q or an imaginary quadratic field. Of
course, in the general case End(X) = Z. In any other case X admits a further
endomorphism which is symmetric with respect to the Rosati involution defined by
Lg. The Humbert surface Ha with invariant A is the space of principally polarized
abelian surfaces (X, Lo) admitting a symmetric endomorphism with discriminant
A. It turns out that A is a positive integer = 0 or 1 mod 4.

Recall that the moduli space Az of principally polarized abelian surfaces is the
quotient of the Siegel upper half space 2 of symmetric complex 2 X 2 matices with
positive definite imaginary part by the action of the symplectic group Sp,(Z). In
these terms Humbert surfaces can be defined by equations. In fact, Ha is the image
in Ay of the zero locus in $) of any equation of the form

(%) azy +bzg + cz3 +d(25 — z123) +e =0

with integers a,b,c,d and e satisfying A = b — dac — 4de and Z = (2} 22) € 9s.
Note that the equation is not uniquely determined because of the action of the
symplectic group. The name Humbert surface is due to George Humbert who
studied the zero loci @) in [HJ.

In his paper [H], Humbert discovered a marvelous relationship between princi-
pally polarized abelian surfaces and a certain plane configuration of six lines. To
be more precise, let (X, Lg) be a principally polarized abelian surface and Ky its
Kummer surface in P3, i.e., the image of the morphism ¢ defined by the linear
system |L3|. The 2-torsion points of X map one-to-one to the 16 double points
of Kx. Due to the 16¢ configuration of Kx there are six hyperplanes Py, ..., Ps
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containing the double point ¢(0) and touching Kx along a double conic. The lin-
ear projection with center ¢(0) maps these six hyperplanes onto six lines Iy, ..., lg
in Py. We call the configuration (Po,l1,...,ls) the Kummer plane associated to
(X, Lp). The Kummer plane inherits essential information of the principally polar-
ied abelian surface. For example for A = 5 Humbert showed under some generality
assumptions:

Suppose (X, Lg) is an irreducible principally polarized abelian surface. Then
(X, Lo) € Hs if and only if the associated Kummer plane (Pa,ly,...,ls) admits a
smooth conic passing through five of the 15 points {l;Nl;} and touching one singular
line.

Humbert proved similar results for the invariants A = 4,8,9 and 12 as well as
some families of invariants.

In this paper we present a systematic approach to Humbert’s ideas. In fact, we
give new proofs for Humbert’s results. This enables us not only to get rid of his
generality assumptions but also to extend his work to other invariants. For example
we show

Theorem 7.1. Suppose A = 8d> + 9 — 2k with d > 1 and k € {4,6,8,10,12}.
If (X,Lo) € Ha is an irreducible principally polarized abelian surface, then the
associated Kummer plane (Po,l1,...,lg) admits a rational curve C' of degree 2d
passing smoothly through exactly k — 1 points of {I;N1;} and touching the singular
lines l; in the remaining intersection points with even multiplicity. Conwversely, if
(Py, 14, ...,1lg) admits such a curve, then (X, Lo) € Har with A" < A.

For small invariants A the inequality A’ < A in the last sentence can be improved
(see Corollaries 7.2 and 7.3). Since Theorems 7.1 to 7.6 cover all possible invariants
A we present geometric characterizations of all Humbert surfaces.

The paper is structured as follows: in Sections 1 and 2 we collect some well-
known facts about principally polarized abelian surfaces and the Kummer surface.
In Section 3 we compute the genus of curves on the Kummer surface and derive
some consequences. In Section 4 the relation between Humbert surfaces, singular
relations such as &) and symmetric endomorphisms is developed. Moreover, we
prove some first observations about Humbert surfaces. In Section 5 we translate
the definition of Humbert surfaces into terms of line bundles and in Section 6 we
study curves on the Kummer plane. Finally, Section 7 presents the results.

Part of this paper was the doctoral thesis of the second author, written under
the supervision of the first author.

1. PRELIMINARIES

In this section we collect some well-known results on abelian surfaces and Kum-
mer surfaces and introduce the notation. For proofs and more details we refer to
[CAV].

An abelian surface X is an algebraic complex torus V/A of dimension 2 with a
C-vector space V ~ C? and a lattice A ~ Z* in V. A polarization on X is a positive
definite Hermitian form H : V x V' — C whose imaginary part takes integer values
on A. The polarization is called principal, if Im H is unimodular. The pair (X, H)
is called polarized abelian surface. If L is a line bundle on X with first Chern class
H we also call (X, L) polarized abelian surface. Consider the Siegel upper half-
space 2 = {Z € M(C) | 'Z = Z and ImZ > 0}. An element Z = (1 22) € 9,
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determines a principally polarized abelian surface (Xz, Hy), where
Xz =C?/(Z,15)Z*
and Hj is the Hermitian form
C?*xC?* —C, Hy(v,w)="v(ImZ) 'w.

Denote Ag = (Z,12)Z*. The four columns (Z), (2), (§), (9) of (Z,12) are
a basis of the lattice Ag. With respect to this basis the alternating form FEy =

Im Hy|Ag is given by the matrix ( —(:)12 102 ) The symplectic group Sp4(Z) acts on 9,

by Z — M(Z) := (aZ+B)(vZ+6) ! for M = (i g) € Spy(Z). The quotient Ay :=
g/ Spyg (Z) is a coarse moduli space for principally polarized abelian surfaces. In
particular, every principally polarized abelian surface is of the form (Xz, Hyp), and
two such pairs (Xz, Hy) and (Xz/, Hz/) are isomorphic if and only if Z = M(Z)
for some M € Sp,(Z).

Let X = V/A be an abelian surface and L a line bundle on X. The first Chern
class ¢1(L), i.e., the image of L in the Néron-Severi group NS(X), is a Hermitian
form H on V with ImH (A, A) C Z. Two line bundles L and Lo are algebraically
equivalent, denoted by Ly = Lo, if their first Chern classes coincide. The type
of a line bundle or of its first Chern class H, respectively, is the pair (di,ds) of
elementary divisors of the alternating form Im|A. Note that always dq|d2. For an
ample line bundle L of type (di,d2) the dimension of H(L) is h°(L) = d1da.

For n € Z denote by nx the multiplication by n on X. A line bundle L on
X is called symmetric if (—1)% L ~ L. If L is symmetric, then (—1)x lifts to an
involution (—1)z, on L which acts as the identity on the fibre L(0) over 0 (see [CAV]
Lemma 4.6.3). (—1)1, induces an involution on H°(L) splitting it into eigenspaces

H(L) = H(L)* @ H(L)".

Since L is symmetric, (—1)z, acts by multiplication with +1 or —1 on the fibre L(x).
Consider the sets

XQi(L) ={r e Xy | (-1)|L(z) = £1}.

For the cardinalities of these sets we have
Proposition 1.1. Suppose L is an ample symmetric line bundle of type (dy,ds).
Then

{8,16} if dy is even,

#XF(L) € {{4,8,12} ifdy is odd and dy is even,

{6, 10} if dg is odd,
and all cases occur.
Proof. This is a consequence of [CAV] 4.7.7 and 4.(14). O
Lemma 1.2. For ample L we have h°(L)* = $((L?) — #X; (L)) + 2.

For a proof see [B] Theorem 3.1 and the remark after Proposition B0l

Let ¥ € H°(L) and D = () be the corresponding effective divisor on X. A
symmetric divisor D is called even (respectively odd), if ¥ € H°(L)* (H°(L)~
respectively), or equivalently if multyD is even (odd respectively). Consider the set

XF(D):={z€Xo | (-1)™=P = +1}
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of 2-torsion points where D has even or odd respectively multiplicity. Clearly, if D is
even (respectively odd) X, (D) (X, (D) respectively) is contained in D. By [CAV]
Proposition 4.7.2 we have X35 (D) = X5 (L), if D is even, and X5 (D) = X5 (L), if
D is odd. In particular, the cardinality of X3 (D) is always even.

Now suppose Lg is a symmetric line bundle on X defining a principal polariza-
tion. Denote by t, : X — X the translation by a point x € X. It is easy to see
that L = tX Ly is symmetric if and only if x € Xa,,. In particular, since #X5 = 16,
there are exactly 16 symmetric line bundles tX Ly, x € X2. For x € X» the linear
system [t Lo| consists of one divisor D such that 2D € [t:L3| = |L3|. Moreover,
the line bundle L2 is symmetric and H°(L2) = HO(L3)*.

2. THE KUMMER SURFACE AND THE 164-CONFIGURATION

Suppose (X, Lg) is an irreducible principally polarized abelian surface. The line
bundle L2 defines a morphism ¢ = ¢rz + X — P3. Since L3 is symmetric and
HO(L%) = H°(L3)*, the morphism factorizes via the action of (—1)x on X:

X 4 Ps
\ /
X/(-1)x

The projection X — X/(—1)x is a double covering ramified at the 16 2-torsion
points X5. The morphism ¢ : X/(—1)x — P is an embedding. Its image

Kx = ¢o(X)

is called the Kummer surface associated with X and ¢ : X — Kx is called the
Kummer map. The Kummer surface Kx is a quartic surface in P3, smooth apart
from 16 singular points. These are ordinary double points and the images of the
16 2-torsion points. In the notation we do not distinguish between the 2-torsion
points on X and the corresponding nodes of Kx.

On X the notion of curves and effective divisors coincide, X being a surface.

Proposition 2.1.

a) If D € |tELy|, = € Xon, is a symmetric divisor, then o(D) = C is a
curve of degree 2n on Kx and 2C is a complete intersection of Kx with a
hypersurface S C Ps of degree n.

b) Every complete intersection Kx NS with a hypersurface S of degree n is
the image of an even symmetric effective divisor D' € |L3"|.

In other words, symmetric divisors D € |t Ly| correspond to hypersurfaces S
of degree n touching the Kummer surface along the curve 2¢(D) = @.(D). The
hyperplanes touching Kx in this way are called singular planes. There are exactly
16 singular planes P,, x € X5, corresponding to the 16 symmetric divisors D, =
|t;L0|, z € Xo, by

P.NKx =2p(D,).

The curve C, := ¢(D,) is a conic on Kx. In these terms the famous 16¢-

configuration of Kx reads as follows:

Proposition 2.2. Any singular plane contains exactly 6 singular points and any
singular point is contained in exactly 6 singular planes.
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Moreover K x satisfies:

Proposition 2.3. Any two singular points belong to the intersection of exactly two
singular planes and any two singular planes have exactly two singular points in
common.

3. CURVES ON THE KUMMER SURFACE

In this section we study arbitrary curves on the Kummer surface K x of a prin-
cipally polarized abelian surface (X, Lg). Suppose D is a symmetric divisor on X
defining a line bundle L = Ox (D). Let the curve C := (D) be its image on
Kx. The Kummer map restricts to a double covering ¢ : D — C ramified at the
2-torsion points on D. In particular, we have

Lemma 3.1. degC = (D - Lg) and mult,,)C = mult, D for z € X».

The curves C' and D may be singular and reducible (in any case they are con-
nected, since any two curves on an abelian surface intersect). We assume that D
admits at most ordinary singularities, i.e., no singular point of D admits multiple
tangent directions. Our next aim is to compute the geometric genus of C. For this
we need some notation: Let o : X — X be the blow-up of X at the singular
points of D. Denote by E, the exceptional divisor over a 2-torsion point z € X5
(if 2 is either not contained in D or a smooth point of D we set E, = () and by F)
the exceptional divisors over the remaining singular points P; (including infinitely
near points). Moreover, denote r, := mult, D for x € X, and denote by r; the
multiplicity of the singular point P;. Then the proper transform

(1) D=0"D—= Y r.E, = rF

z€Xo J

of D is a smooth curve on X. The involution (—1)x lifts to an involution (—1) ¢ on
X, the curve D being symmetric. Let K := X’/(—l)X and denote by ¢ : X — K
the natural projection. The birational map o descends to a birational map 7 fitting
into the commutative diagram

X 7, X
(2) <ﬁl l@
K —T - Ky.

By construction (—1) g restricts to an involution ¢ on D. The quotient C' := D/t =
@(D) is a smooth curve on K and diagram (Z) restricts to a commutative diagram

-2 . D

D
(3) l l@
c I 0¢

where the vertical maps are double coverings and the horizontal maps are birational.
In particular, C is the normalization of the curve C.
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Lemma 3.2. There is a commutative diagram with exact rows

0—— 92 —— 0% (D) s 0h —— 0

|
(—D}J (—1)”1'/(—1)}( JL*

0—— 0% —— 02 (D) 2R QL —— 0

Here the rows are the Poincaré Residue sequence, P.R. is the Poincaré Residue map,
ro = multyD as above and (—1)" means multiplication with the number (—1)".

Pmof. Let z1, 22 be local coordir}ates on X and let f(z1,22) = 0 be a local equation
for D. The map Q?( — Q?((D) is given locally by multiplication with f. Now
the first square commutes, since (—1)%f = (—=1)"f. As for the second square,
recall that for a local section 6 of Q%(ﬁ) the Poincaré Residue map is given by
P.R.(f) = 5292 |;_. Elementary calculus gives (—1)% 2L = (—1)”"0‘“5)—2; hence

T 0f/0z2 X 0z
(—1)%0dz 0dz
PR.((—1)%0) = ——=—|=0 = (1) —0) = (—=1)"*P.R.(0
(“D5) = 5 =0 = (170 (577l5-0) = (<1 PR
implying that the second square is commutative. O

This action of the involution on the Poincaré Residue sequence induces an action
on its long cohomology sequence. Denoting by HO(Q§~( (D))* the 41 eigenspaces

with respect to (—1)% we obtain:

Proposition 3.3. The long exact cohomology sequence of the Poincaré Residue
sequence induces the short exact sequence

0 — H°(Q%) — H°(Q%(D))* — ¢"H(Q}) — 0
with “+7, if D is even, and “=7, if D is odd.
Proof. Writing X = V/A as a complex torus, the vector space V identifies with
H'(Ox). Under this identification the involution (—1)% on H'(Ox) is just the

analytic representation of (—1)x, i.e., multiplication by —1 on V. On the other
hand, Serre duality and the Hodge decomposition give

H(Q%) ~ H*/(0g)" ~ H*(Ox)" = N> V™.
Hence (—1)% acts on HO(Q?() by A*(—id) = id and on HI(Q?() by A'(—id) =

—id. Tt follows that the diagram of Lemma [3.2] induces the following commutative
diagram in cohomology:

0 —— H(Q%) —— H(Q%(D)) —— H°(Q}) —— H'(Q%)

(Q
idJ (71)”)'(*1)}( lb* J d
1
(Q

—
0 —— H°(Q%) —— H°(Q% (D)) —— H°(Q) —— H'(Q%) — -

P

P

Noting that @*HO(QIG) is the +1-eigenspace of HO(Q%) with respacet to ¢* the
assertion follows from an immediate diagram chase. O
Since @* : HO(Q}}) — HO(Q%)*‘ is injective and since by definition the geomet-

ric genus go of C' is the genus of its normalization C' we get as a consequence:
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Corollary 3.4. gc = hO(QX([)))i —1 with “+7 if D is even and “=" if D is odd.

In order to compute g¢ explicitly denote by w¢, wp, and ws the canonical sheafs.
Then the Poincaré Residue sequence may be considered as the natural restriction
sequence 0 — wg — wg(D) — wp — 0. Denote by |wg(D)|* the sublinear
system H%(wg(D))*/C of |wg(D)|. With this notation Proposition B3 states
that restriction to D induces an isomorphism resp : |wg(D)[F — @*HO(wg).
Consequently,

(4) (D' - D) =deg D'|D = deg P we =2(29¢ — 2)

for any D' € |wg(D)|. Writing 7, = 2u, + 1 for z € X, (D) and 7, = 2u, for
r € X5 (D), this gives

Proposition 3.5. The geometric genus gc of the curve C' = (D) is

HID) = #X (D) +1= 37 e+ = D0 mE =) rlr—1),

z€X5 (D) zeX, (D)

Note that >_;7j(rj — 1) is an integer, since the singular points P; of D occur
in pairs, D being symmetric.

Proof. Recall that wg = O¢(E), where E is the sum of all the exceptional divi-
sors E, and F; without multiplicities. Hence we have by equation (), wg (D) =

0" L(= 3, ex,(ra—1)Ez =3, (r; —1)F}). So o induces an isomorphism H%wg (D))
~ HL® Quex, i ' © Z;”;l) where Z,, denotes the ideal sheaf of a point
p € X. Note that for any two symmetric sections 91,92 € H°(L) of the same parity,
the multiplicities at the 2-torsion points are congruent modulo 2, i.e., (—1)™ut=?1 =
(—1)multe?2 for o € Xy, Hence H(L ® Quex, L' ® ®; ngl)i = HY (L ®
Rrex, In* @ Q) 1';;;_1)i and thus |wg(D)[F is actuall~y a sublinear system of
0" L(= > e x, Tallo — 32;(rj — 1)Fj)|. So for D' € lw(D)|F we have
(D"-D)

_ (U*L(_ S B, —g(rj - 1)Fj)) : (U*L(— S 1B, —;erj))

rx€EXo r€Xo
=(0"L%) — ¥ ri-ri(rj—1)
zE€X2 J
=L -4 ¥ pelpe+1)-#Xy5 (D) -4 X - 2rlr—1).
r€X; (D) zeXS (D) J
With equation () this implies the assertion. O

Note that if D is smooth this gives a new proof of Lemma [I.2l In fact, by
Corollary 3.4 and Proposition B.5 we get for smooth divisors D: h°(L)* = gc+1 =
1((L?) — #X5 (L)F) + 2, since X; (D) = XJ (L), with “=7,if D is even, and “+”,
if D is odd. On the other hand, rewriting Proposition [3.5] by means of Lemma
we get

(5)  go=h'(L)F=1- > pelpat+l)— > pi—1Y ri(-1)
z€X, (D) zeXS (D) J
with “+7,if D is even, and “—"” if D is odd.
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Lemma 3.6.
hO(L®Igd)+ Z hO(L)+ —d2,
RO(L @ I3~ > (L)~ —d(d + 1).

Proof. Recall that H°(L ® Z34)" is the subvector space of even theta functions for
L with multo® > 2d (and similarly for HO(L ® Z2***)~). For ¢ € H°(L) the multi-
plicity multg? is the subdegree of the Taylor expansion of ¥ around 0. If ¥ is even
(or odd respectively), then its Taylor expansion involves only summands of even
(or odd respectively) degree. Since the vector space of homogeneous polynomials of
degree v in 2 variables is of dimension v + 1, the condition multod > 2d (or 2d + 1
respectively) imposes at most
0 1) =3 Qv—1)=d

v=1
v even

(or ZQ(izdld (v+1) =% 2v = d(d+1) respectively) conditions on H°(L)*. This

v=1

implies the assertion. (I

Corollary 3.7. Let L be a symmetric line bundle on X.
a) IfhO(L)t = d®+g+1, then the linear system |LRZ3%|" is of dimension > g
and its general member is smooth on X — {0} and maps to curve C = (D)
of genus g on K.
b) If hO(L)~ = d(d + 1) + g + 1, then the linear system |L ® Ta% |~ is of
dimension > g and its general member is smooth on X — {0} and maps to
curve C' = ¢(D) of genus g on K.

Proof. a) By Lemma dim |L ® Z24|* > g. If g > 1, its general member D is
smooth on X — {0} and has an ordinary singularity of multiplicity 2d at 0. Thus
gc = g by equation (). If ¢ = 0 there exists an even divisor D € |L| with
210 = multgD > 2d. If D admits at most ordinary singularities, Proposition B-5
(respectively equation (B)) gives

0<go=d>— > pulpat+1)— D p2—3> ri(r—1)
J

zeX; (D) zeXS (D)

<= > mlmrD) = X =i (1) <0,

z€X5 (D) zeXS (D)—{0}

Hence we must have go = 0. In particular, p, = 0 for all z € X5 — {0}, uo = d, and
r; = 0 or 1. This implies that D — {0} is smooth, and multy(D) = 2d. This proves
assertion a) since, if D would admit non-ordinary singularities, then the geometric
genera of D and C would be even smaller, a contradiction.
The proof of b) is completely analogous.
O

4. SINGULAR RELATIONS AND HUMBERT SURFACES

Let (X, H) be a principally polarized abelian surface. Suppose that (X, H) =
(Xz,Hp) for some Z € $)3. Then the rational representation p, z : End(X) —
M,(Z) and the analytic representation pq z : End(X) — M3(C) are related by

(6) pa.z(f)(Z,12) = (Z,12) pr.z(f)
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for all f € End(X). Note that here both rational and analytic representation
depend on the choice of Z. If Z' = M(Z), with M € Sp,(Z), is another element of
$2 representing (X, H), then the corresponding rational representations are related
by

(7) provz) = "M prgtM

(see [CAV] Section 8.1). The principal polarization defines an isomorphism ¢r, :
X — Pic®(X) = X, ¢n,(x) ;== t:Lo® Ly'. The Rosati involution is the anti-
involution ’ : End(X) — End(X), [’ := ¢I}§f¢Ho' An element f of Endg(X)
is called symmetric, if f' = f. Denote by End®(X) the subgroup of symmetric
endomorphisms.

Lemma 4.1. f € End(X) is symmetric if and only if its rational representation is

of the form py z(f) = (é tli) with integral matrices A= (g1 a2), B=(9%§),C=

(_OC 8) whose coefficients satisfy
azz1 + (ag — a1)ze — azzz + b(25 — z123) + ¢ = 0.

Proof. The Rosati involution is the adjoint operator with respect to the alternating

form Ey = Im Hy (see loc. cit. Prop. 5.1.1). In terms of matrices this means
tor z(f) (_22 )= (_22 %) prz(f') for all f € End(X). Now using equation (&)
this implies the assertion. ([

The Lemma shows that X = X admits nontrivial symmetric endomorphisms
if and only if the entries z1, 2o and z3 of Z satisfy a certain quadratic equation
with integral coefficients. Now suppose conversely that Z = (2 2) satisfies the
equation

(8) azy +bzg + cz3 +d(25 — z123) +e =0

with integers a, b, ¢, d and e. Setting
0 a 0 d
(9) Ry := <o“;od ‘L) :
0 a

then by Lemma [£.] the matrices nls + mRy are rational representations of sym-
metric endomorphisms of X for all n,m € Z.

Corollary 4.2. Z = (3} 22) satisfies equation ) if and only if p, z(End®(Xz))
contains Ry.

Suppose Z satisfies equation (B). Then End®(Xz) admits a symmetric endo-
morphism fo with p,. z(fo) = Ro. Denoting by Pf(t) the analytic characteristic
polynomial det(tle — pa,z(f)) of an endomorphism f, we get for the symmetric
endomorphism nx + mfo:

Proposition 4.3. The trace, norm and discriminant of P2 are:

x+mfo
Tro(nx +mfo) = 2n + mb,
No(nx +mfy) = n* + nmb + m*(ac + de), and
Disc(nx +mfo) = m?(b* — 4ac — 4de).
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Proof. For any endomorphism f, Tr,(f) is the trace of pq,z(f), No(f) = det pa,z(f),
and Disc(f) = Tro(f)? — 4N, (f). Moreover, by equation (@), the analytic represen-
tation of fy is

(10) Az = paz(fo) = (32, 52000) -
Using this and equation (8]) implies the assertion. O

Corollary 4.4. The subset {nx +mfo | m,n € Z} of End*(Xyz) is a ring isomor-
phic to Z[t]/(t? — bt + ac + de).

Proof. By Proposition 43| we have P (t) = t? — bt + ac + de. In particular, f& =
bfo—ac—de. So {nx +mfy | m,n € Z} is a ring and the map Z[t] — End*(Xyz),
t — fo induces the above isomorphism. O

Equation (§) is an equation on the Siegel upper half-space $)2. Pulling this equa-
tion back via the action of Sp,(Z) gives a family of such equations. The following
proposition shows that among these equations there is a uniquely determined nor-
malized one.

Proposition 4.5. Suppose Z = (2 jg) satisfies equation ) and A := b — dac —
4de. There is an M € Sp,(Z) such that M(Z) = (jl zé> satisfies
2 ~3

—3Az{ +25=0 i A=0mod4,
11=A)z{+2+2,=0 if A=1mod4.

Proof. As in ([@) let Ry be the rational representation of the symmetric endomor-
phism defined by the singular relation. We only present a proof in the most general
case, that is, if the integers go, . . ., g3 occurring in the subsequent steps are nonzero.
According to equation () it remains to show that there is an M € Sp,(Z) and an

integer k such that tM~'Ro ‘M — k1, = (‘g O,) with A = (91 Z,') with o' = 0 or

1. Then A = b2 + 4a’ = b mod 4 as required. The construction of M proceeds in
several steps:
Step I: Choose integers a and § such that ae — B¢ = ged(e, ¢) =: go. Then

1 0 1 O

N a 0 p
My = 1 0 0 0 € Spy(Z)
0 ¢/go 0 e/go
and R; :=! Mo—l RotMy is of the form (gi tgl) with 4; = (—?:1 ‘;11) and C; =

0 €1
( —e1 0 )

Step II: Since ged(aq,c1,e1)] g1 := ged(ay, e1), Dirichlet’s prime Theorem states
that there is an integer n such that p := Z—i + n% is prime with |¢1] < p. Now

_ (12 (70718)
My = ( e (7
€ Spy(Z) and Ry :=' M;'Ry‘M;, = (g; j) where Cp = (% %) with
ea = e; +ain = g1p. In particular, ged(ci,ez)| g1 (since |e1] < g1), and thus
ged(eq, e2) | ar.
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Step IIT: Choose integers v and § such that yes — dc; = ged(ez, ¢1) := ga. Then

~yai/ga 0 1 0
. 0 ~y 0 )
M= 0 0 0

0 ci/g2 0 ea/go
€ Sp,(Z) and Rs :=! M{l Ry tM; is of the form <A3 0 ) with Az = ( o a3)

0 *As —c3 b3 /)°
Step IV: Choose integers € and n such that eas + ncg = ged(as, cg) =: g3. Then
1 0 1 0
My = 0 cs/gs 0 —as/gs
© | —eas/gs 0 mes/gs 0
0 € 0 n

€ Sp,(2) and Ry :=' My Ry "My is of the form (.} ) with 4y = (%, %)
with ag, b4, cy € 7.

Step V: Since by assumption A is square-free the matrix Ry is primitive and
hence ged(by, ¢4) = 1. Choose integers p and v such that p((ag+1)cqs+bg) +veq =
ged((ag + 1)cq + by, cq) = 1. Then

1 0 1 0
M, — 0 Cq 0 —(a4 + 1)04 — b4
4 —u((ag +Dea+bs) 0 wvey 0
0 w0 v
and

1 0 0 0
, -1 1 0 0
My 0 0 1 1
0 0 0 1

are in Sp,(Z) and Rs :=! (MyM})™' Ry '(M4M}) + c414 is of the form (A5 0 )

0 'As
with A5 = (%) §2).

Step VI: Let
s bs/2 if b5 is even,
") (bs —1)/2 if by is odd.
Then
100 O
T 1 0 0
Ms=19 0 1 —r
0 0 0 1
€ Sp,(Z) and Rg :=' (M5)~ Ry (M5) — 714 is of the form (‘%"’ ‘ge) with Ag =
(%) with o' = 0/if bs is even and i/ = 1if bs is odd. 0

This shows, in particular, that equation (B) induces an equation on the moduli
space As which is uniquely determined by the discriminant A. As a consequence
we get (see also [vdG] Chapter IX Prop 2.3):

Corollary 4.6. For a principally polarized abelian surface (X,H) € Az, the fol-
lowing statements are equivalent:
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i) (X,H) = (Xz,Hy) for some Z = (2} 22) satisfying equation (8),
ii) End®(X) contains a ring isomorphic to Z[t]/(p(t)) where p is a quadratic
polynomial with discriminant A = b> — dac — 4de,
iii) End(X) contains a symmetric endomorphism fa with discriminant A =
b — 4ac — 4de.

Note that in ii) we may assume equation (B)) is normalized as in Proposition
and in iii) we may always choose fa to be the endomorphism fy as defined above.
Following Humbert (see [H]) we call an equation of the form

(11) az1 —l—bzz—l-cz?,—l—d(z%—zlz'g)—i—e:o,

with a, b, ¢, d, e € Z, a singular relation with invariant A = b* — 4ac — 4de. Ac-
cording to Corollary the singular relation (II]) defines a subset of the moduli
space of principally polarized abelian surfaces Az = $2/Sp,(Z):

Ha={(X,H) € Az | (X,H)=(Xz,Hp) for some Z € 95 satisfying (1) }.
Note that by Proposition the invariant A is always = 0 or 1 mod 4.

Proposition 4.7. For any integer A =0 or 1 mod 4,

End(X) contains a symmetric }
endomorphism with discriminant A J°

Ha = {(X,H) e A

Moreover, Ha is a surface, for A >0, Hog = Az, and Ha =0, if A <0.

In particular, Ha is uniquely determined by A. For A > 0, Ha is called a
Humbert surface (with invariant A).

Proof. The first characterization of Ha follows from Corollary iii). Suppose
(X,H) € Ha. Let f be a symmetric endomorphism of X with discriminant A
and A its analytic representation. The Rosati involution is the adjoint operator for
the Hermitian form H (see loc. cit. Prop. 5.1.1) implying that H := Hy(A4-,-) is
Hermitian. In particular, all eigenvalues of A are real; namely, if A is an eigenvalue
with eigenvector v, then H(v,v) = AHy(v,v). This implies that Ha is nonempty if
and only if A = A(f) > 0. If A =0, then f is a multiple of the identity on X and
hence Ha = As. O

Obviously we have Ha C H,,2a for any positive integer m. If A is a square we
moreover have

Proposition 4.8. Let 6 be a positive integer. The Humbert surface Hgsz is the
locus of principally polarized abelian surfaces (X, Lo) € Az admitting an isogeny of
degree 62,

(12) (B X E2,piOg, (0) @ p5OE,(5)) — (X, Lo)-

Here Op,(0) indicates a line bundle of degree § on the elliptic curve E; and
pi : E1 X E5 — F; is the natural projection.

Proof. Suppose (X, Lg) € Hs2 for some 6 > 0. Then End(X) contains a symmetric
endomorphism f5» with discriminant 62. In particular, the eigenvalues of its analytic
representation are integers, say A and p. Since 0 < 6% = (A — u)? we have A # p
and fs2 — px is an endomorphism with eigenvalues 0 and 6 = A — p. Hence its
image E7 :=im(fsz — px) is an elliptic curve in X. Since PJ(”lsz () = 2 — 6t, the
endomorphism fs2 — px is the norm-endomorphism of E; in X and deg Lo|Ey = 0.
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Moreover, X admits a second elliptic curve Ey with deg Lo|E2 = ¢ such that the
addition induces an isogeny (E1 x Ea,p;Lo|E1 ® p5Lo|E2) — (X, Lo) of degree §>
(see [CAV] Sections 5.3 and 12.1).

Conversely suppose there is an isogeny as in (12)). Then by loc. cit., Lemma 5.3.1
the norm-endomorphism f = Ng, of im(F1) in X is a symmetric endomorphism of
X satisfying f? — ¢’ f = 0 with some divisor ¢’ of 6. So Disc(f) = Disc(t? — §'t) =
((5/)2 and (X, Lo) S H((gl)2 C Hse. O

Given a principally polarized abelian surface (X, Lg), there is an isomorphism
(13) ®: NS(X) — End*(X), L ¢ ¢

(see [CAV] Proposition 5.2.1). In particular, NS(X) and End®(X) are of the same
rank p(X).

Proposition 4.9. Suppose A and A’ are nonsquare, positive integers = 0 or 1 mod
4 and A is not a square.

(1) (X, Lo) € Az — Uyss0 Hs2 if and only if X is simple.

(2) If (X, Lo) € Ha, then End*(X) ®z Q contains the real quadratic number
field Q(v/A) and p(X) > 2. For the general member of Ha, equality holds
in both statements.

(3) If (X, Lo) € Ha NHas, then X is either simple, Endg(X) is a totally in-
definite quaternion algebra, and p(X) = 3, or X is isomorphic to a product
E x E with an elliptic curve E, and p(X) > 3.

Proof. (1) is a consequence of Proposition 8l

As for (2): By what we have said above we necessarily have p(X) > 2. By Corol-
lary [£6] ii), End*(X) ®z Q contains (Z[t]/p(t)) @z Q with a quadratic polynomial
p € Z[t] such that Disc(p) = A. But this equals the real quadratic number field
Q(\/Z), the invariant A being nonsquare. The last assertion is obvious.

As for (3): By (2) End*(X) ®z Q contains both number fields Q(v/A) and
Q(WA'). So p(X) > 3 and thus X is either simple and End®*(X) ®z Q is an
indefinite quaternion algebra over Q, or X is isomorphic to a product E x E with
an elliptic curve E (see for example [CT] Proposition 2.7.1). O

5. LINE BUNDLES ASSOCIATED WITH SYMMETRIC ENDOMORPHISMS

In this section we translate properties of symmetric endomorphisms associated
with singular relations into terms of line bundles.

Suppose A is a positive integer and (X, H) = (Xz, Hy) € Ha. According to
Proposition we may assume that Z satisfies the singular relation az; + bzy +
z3 = 0 with A = b*> —4a and b = 0 or 1. Then End®(X) contains a symmetric
endomorphism fa with rational representation p, z(fa) = (‘6‘ ,,?4) , A= (Pl Z)
Note that by ([I0) the analytic representation is p, z(fa) = *A.

Via the isomorphism ® : NS(X) — End®*(X), see ([I3), the endomorphism fa
defines a Hermitian form Ha € NS(X). Let Ly and La be symmetric line bundles
on X with ¢;(Lo) = Hp and ¢1(La) = Ha. In these terms the line bundle Ly ® LY,
n,m € Z, corresponds to the symmetric endomorphism nx + mfa.
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Lemma 5.1. Let L be a line bundle algebraically equivalent to Ly ® LY, with
n,m € 7Z. Then

(Lo - L) = Tra(fL) = 2n + mb,

1(L?) = No(fL) = n® + nmb + m?a.

Proof. This is a consequence of Proposition and the fact that the coefficients
of the analytic characteristic polynomial of a symmetric endomorphism are given
by the intersection numbers of its associated line bundle (see [CAV] Proposition
5.2.3). O

This gives a new characterization of the Humbert surface Ha:

Corollary 5.2. A principally polarized abelian surface (X, Lo) belongs to the Hum-
bert surface Ha if and only if X admits a line bundle La satisfying (Lo - La)? —
2(L%) = A. Moreover, La can be chosen in such a way that (Lo - La) = b and

(L) = %52 where b € {0,1} such that b= A mod 4.

Proof. The equivalence is a consequence of Proposition .1 and the previous Lemma.
Now suppose (X, H) € Ha. As outlined at the beginning of this section and in
LeIAnmalm there is a line bundle La with (Lo La) =b and (L) = 2a = L’Q%A =
b—
. O
2

For the type of line bundles L = Ly ® LY we have

; n2 nm m2a L2
Lemma 5.3. L is of type (ged(n,m), Wﬁfm)) = (ged(n,m), m).
Proof. Denote by fr, = nx + mfa the endomorphism corresponding to L. By
definition of ® we have Hy = ¢1(L) = Ho(pa,z(fr)-, ). So the matrix of its
imaginary part is (‘P 9)) (L) =(5% ‘DY with D = Y, z(f1) = nla + mA =
(_% nfﬁbb). If (dy,ds) are its elementary divisors, then d is the largest positive

integer such that (TllD is integral and do = d_11 det D. This implies the assertion. [

6. THE KUMMER PLANE ASSOCIATED WITH (X, L)

Consider an irreducible principally polarized abelian surface (X, Lg) and the
Kummer map ¢ : X — Kx C P3. The 164 configuration (see Proposition 22)
states that there are 6 singular planes Pi,...,FPs containing the singular point
0 = ¢(0). Consider the linear projection

(14) m: Py — {O} — Py

with center 0. The singular planes P; map to lines [;, i = 1,...,6, called singular
lines. Since by Proposition [Z3] any two singular planes have exactly two singular
points in common, the intersection of two lines {; N [; is the image of the singular
point in P; N P; different from 0. So in Py the 15 points I; N{;, 1 <4 < j < 6 are
in one-to-one correspondence to the 15 singular points of Kx different from 0. We
call (Pg,ly,...,lg) the Kummer plane associated to (X, Lo).

The configuration of lines and points in P is indicated in the following picture.
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Next we study curves on the Kummer plane (Po,l1,...,ls) associated to the
principally polarized abelian surface (X, Lg). For a curve C' on Kx denote by
C’ = w(C) — {0} the closure of its image in Py. Then the projection ([4) induces
a natural map 7 : C — (', which by abuse of notation we denote by the same
symbol.

Lemma 6.1. Suppose C is a curve on Kx and x € C'NI; fori € {1,...,6}. Then
either x € {l; N1} or (C"-1;), is even.

Proof. This is a direct consequence of the fact that singular planes touch the Kum-
mer surface along double conics. O

Lemma 6.2. Suppose C is a curve of degree § on Kx and D = ¢*C on X. If
§ =4n and D € |LE"|, then the natural map ©: C — C' is of degree < 2. In any
other case m: C — C" is birational and deg C' = (D - Ly) — mult(D).

Proof. Since deg Kx = 4 and the center of projection is a double point of Kx,
the map 7 : C — C’ is either of degree 1 or 2. Obviously it is of degree 2 only
if C is a complete intersection. By Proposition 1] this is the case if and only if
D € |L%"| for some n. Note that the degree of a complete intersection is divisible by
4. This implies the first assertion. As for the second assertion note that multo(C) =
multg(D) by Lemma B and degC' = (C - Op, (1)) = 3(D - L) = (D - Ly). Now
the assertion follows from deg C’ = deg C' — multo(C). O

Proposition 6.3. Suppose C' is a curve of degree § > 1 on the Kummer plane
(Po,l1,...,1ls) of (X,Lo). If C' intersects the lines l; properly such that every
reC'Nl;,i=1,...,6 satisfies either x € {l; N1} or (C'-1;), is even, then

a) there is a curve C' on Kx mapping birationally to C' via m;

b) § < degC < 24;

¢) mult,,yC’" = mult,C for all p € C — {0}.

Proof. According to [CAV] Section 10.3 we may choose homogenous coordinates
20,--.,%3 in such a way that 1) the coordinate points (1 : 0 : 0:0),(0:1:0:
0),(0:0:1:0)and (0:0:0: 1) are among the singular points of Kx and
2) the coordinate planes {z; = 0} are among the singular planes. Moreover, we
may assume that the origin 0 maps to the coordinate point (0 : 0 : 0 : 1). In
particular, ¢(0) is not contained in {z3 = 0} and thus we may identify the Kummer
plane with Po = P(zp : 21 : 22) = {23 = 0}. The equation of Kx is of the
form fo22 4+ 2f323 + f4 = 0 with homogenous polynomials f; in zq, 21, 22 of degree
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deg f; = i. By [GD] Theorem 2.6, {f3 — fofs =0} CP3 =P(z0: 21 : 22 : 23) is the
union of the 6 singular planes Py, ..., Ps or equivalently {f? — fofs = 0} = Uil l;
in Po =P(z0 : 21 : 22). By assumption € C' N, is either a double point of Uil l;
or (C'-1;), is even. Hence U?_l I;|C" = 2D’ with a divisor D’ of degree 36 on C'.

If § > 3 choose an o € H°(Op,(2(6 — 3))) and consider the divisor A := {a =
0}|C" on C”. Since h°(Op, (26—3))—deg A—deg D' = (262 —36+1)—2(6—3)6—35 =
1, thereis a 3 € H°(Op,(25—3)) such that {3’ = 0}|C’ contains the divisor A+ D".
If § =1or2take @ = 1 and 3 € H°(Op,(3)) such that D' C {' = 0}|C’. This
setting defines a pencil of curves of degree 2(20 — 3) in Po:

Fy={a®(f§ — fofs) —t8% =0}, teC.
It is easy to see using (Fy - C') = 2(25 — 3)d = 2deg(A + D’) that
F|C"=2A+2D'

for all t € C. Choosing tp € C such that the curve F}, contains a further point of
C’ we conclude that C' C Fy,. In terms of equations this means

9| (®(f5 = f2fa) = 57)
where C" = {g = 0} and 8 = /0.
Consider the curves Cy. := {a(f223+ f3)£8 = 0}N7~1(C’) in P5. An immediate
computation shows that
CoUC-={{’fo=0UKx}nn ' (C).
Note that {a?f; = 0} N7~ 1(C") =7~ ({a?f, = 0} NC") is the union of dega?f; -
degm™1(C") = 45(6 —3) +26 lines. These are exactly the lines connecting the points
{a?fy =0}NC" CPy = {23 =0} with (0:0:0:1) € P3. Here the 25(5 — 3) lines
7' ({a =0} N C”) occur with multiplicity 2 and each curve C4 and C_ contains
a copy of these lines. The remaining 24 lines wil({ fo=0nC ) are distributed
somehow between Cy and C—. So CLUC_ —n({a?f, = 0}NC") = KxNa~*(C")
is a union of two curves Cy U Cs whose degrees satisfy
deg Cy +deg Co = deg (Kx N~ (C")) =46
and
5= deg(ci — 7 '({af, =0}n c’)) < deg G
<deg (Cy —m '({a=0}NC")) = 3.

So either Cy or Cy satisfies assertion b). Take C to be this curve. Since obviously
7 projects both curves Cy birationally to C’, so the same holds for C.

As for ¢) note that if C” is smooth in m(p), then C is smooth in p, since the
multiplicity at a point is by definition the degree of the tangent cone at this point
and 7 is a linear projection. O

The following example illustrates Proposition and its proof.

Example 1. Let the notation be as in the proof above. Consider the conic C' on
Kx defined by 2C = Kx N{z3 = 0} and its (birational!) image C’ in Py. Note that
the term f4 in the equation of Kx is a square, say f1 = Fg;s0 C = {23 = [, =0}
and ¢’ = {F» = 0} C Po. Then we get with « =1 and § = f5,

Cy ={faz3 +2f3 = F» =0}
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and
C,:{f223:FQ:O}Z{fQZFQZO}U{ZngQZO}
=1l1U---LyuUC.
In particular, all 4 lines L1, ..., L4 are contained in the curve C_. So C; = C_ —
Ly —---— Ly = C, which is of degree 2 and Cy = C is of degree 6. Moreover, we
have

Kx N Y (C") = {fozk +2f323 + F} = F, = 0}
= {23 (fazz +2f3) = 2 = 0}
={zm=F=0}U{fozz+2fs = F, =0}
_cuc,.

Note that there are two complete intersections containing the conic C:
KxN{z3=0}=2C and KxnN{Fk=0}=CUC,.
O

Proposition 6.4. Suppose the Kummer plane (Pa,l1,...,ls) of (X, Lo) admits a
curve C' of (geometric) genus g and degree & satisfying a) #C' N{l; N };} = &
and these points are smooth points of C', and b) for any other point x € C' the
multiplicity (C' - 1;)5 is even. Then X admits a line bundle L with

262 — 2k —8g+8 if k= mod 2,

L-Lo)?—2(L%) <
( 0) ( ){252—2/<;—8g+7 if kK #£ 0 mod 2.

Notice that the upper bound is = 0 mod 4 if Kk = d mod 2 and = 1 mod 4 if
K Z d mod 2.

Proof. Let C be the curve on Kx projecting birationally to C’ as in Lemma
and denote D = ¢*C and L = Ox(D). Note that with C’ also C is of genus
g. If z1,..., 2, denote the 2-torsion points lying over the points I; N l; N C’, then
mult,, (D) =1 for i = 1,...,k by Proposition[63]lc). In particular, {z1,...,2.} C
X, (D). Since the cardinality of X (D) is always even, we have

{{xl,...,xﬁ} if k is even,

X, (D) =
2 (D) {0,21,...,24} if Kk is odd.

In particular, D is even (respectively odd) if x is even (respectively odd). Let
multe(D) = 2u if £ is even and multg(D) = 2u+ 1 if & is odd for some p > 0. Note
that C' and D do not pass through the remaining 2-torsion points; so mult, (D) = 0
for z € X7 (D) — {0}. By Lemma 6.2 we have

0+ 2u if k is even,

L-Ly) = degC = deg C’ lto(D) =
(L-Lo) = deg eg C" + multo(D) {5+2u+1 if % is odd.

Combining this with Proposition [63]b) we obtain

§ if K is even,
2p < o
6—1 if kis odd.
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By Proposition and Lemma [[L2]

(I —r)+1—p?—v if k is even,
g:gc_ 1 2 . .
(%) =k =1)+1—=p(p+1)—v if kis odd,

where v = 1 >_;7j(r; — 1), which is a positive integer. Hence

(L2) = Kk —44+4p® +8g + 4v if x is even,
k—3+4u(p+1)+8g+4r if kis odd.

Now an immediate computation gives
(15) (L - Lo)* —2(L?)

)P+ A6 —p) —25—8g+8—8v if k is even,
2+ 20 440 —p—1) =2k —8g+7—8v if kis odd.

Now an easy computation using v > 0 and the estimate of p, and distinguishing
the cases where d and p are even or odd, implies the assertion. O

7. CHARACTERIZATION OF HUMBERT SURFACES
IN TERMS OF THE KUMMER PLANE

In this Section we present a geometric characterization of all Humbert surfaces in
terms of curves on the associated Kummer planes. First we treat the case of rational
curves C’ in P5. One of the crucial tools for this is Proposition [6.4l Therefore we
need to distingush the following cases:

8d* +9 — 2k

A= (then A =1 mod 4),
8d(d +1) +9 — 2k

2
-2
= {8d +8 =2k (then A = 0 mod 4)

8d(d+1) +12 — 2k

withd > 1 and k € {4,6,8,10,12}. Note that these are exactly the values occurring
as upper bounds in Proposition [6.4] setting 6 = 2d or 2d + 1 and K = k or k — 1.
For sake of comprehensibility we treat these four cases separately. Note that these
values do not cover all positive integers = 0 or 1 mod 4.

Theorem 7.1. Suppose A = 8d> + 9 — 2k with d > 1 and k € {4,6,8,10,12}.
If (X,Lo) € Ha is an irreducible principally polarized abelian surface, then the
associated Kummer plane (P2,ly,...,ls) admits a rational curve C' of degree 2d
passing smoothly through exactly k — 1 points of {I; N1;} and touching the singular
lines l; in the remaining intersection points with even multiplicity. Conversely, if
(Pa,ly,...,1lg) admits such a curve, then (X, Lg) € Har with A’ < A.

Proof. Suppose first that (X, Lg) € Ha. According to Corollary B2] X admits a
line bundle La with (Lo - La) = 1 and (L) = 152 = k — 4d®> — 4. Choose a
symmetric line bundle L = L3¢ ® La. Its intersection numbers (L?) = 4d?(L3) +
4d(Lo - La) + (LX) = 4d(d+ 1)+ k —4 and (L Lo) = 2d(L3) + (La - Lo) = 4d + 1
are positive; hence L is ample. By Lemma [5.3 the line bundle L3? ® LA is of type
(1,2d(d + 1) + g — 2). By Proposition [l we may choose L in such a way that
#X3 (L) = k. Then by Lemmal[[2) h%(L)~ = 1((L?)—#X (L))+2 = d(d+1)+1.
So Corollary 37 says that there exists an odd divisor D € |L| with multy(D) =



HUMBERT SURFACES AND THE KUMMER PLANE 1837

2d + 1, such that D — {0} is smooth, and C = ¢(D) is a rational curve on Kx.
C' maps birationally to a rational curve C' = 7(C' — {0}) C P3 of degree deg C’ =
(D - Lg) — multg(D) = 2d (see Lemma [.2)). Since DN Xo = X, (D) = X, (L),
the curve C” passes exactly through & — 1 points of {I; N, }, namely the images of
XF(L)—{0}. Moreover, C' is smooth in these points (see Proposition 63 (c)), and
by Lemma [ET] C’ touches the singular lines I; in the remaining intersection points
with even multiplicity.

Conversely, suppose the Kummer plane of (X, L) admits a curve C’ as stated
above. By Proposition [6.4] there is a line bundle L € NS(X) with

A" = (L-Lo)? —2(L%) < 8d% +9 — 2k = A.
This implies the assertion. U

As a special case we get Humbert’s result for A = 5, already mentioned in the
introduction:

Corollary 7.1 (Humbert). Suppose (X, Lo) is an irreducible principally polarized
abelian surface. Then (X, Lo) € Hs if and only if the associated Kummer plane
(P2, 11, ...,1lg) admits a smooth conic passing through five of the 15 points {I; N 1;}
and touching one singular line.

Proof. For the only if implication take Theorem [[1] with d = 1 and k = 6. For the
converse implication apply equation (I3 in the proof of Proposition [6.4 with § = 2
and k = 5. This states that X admits a line bundle L with

A= (Lo-L)*>—2(L*) =5—4u(u—1) — 8v.

By the Hodge index theorem, A is positive. This implies that p(u — 1) = 0 and
v =0 and thus A = 5. This means (X, Lo) € Hs.
O

Theorem 7.2. Suppose A = 8d(d + 1) + 9 — 2k with integers d > 1 and k €
{4,6,8,10,12}. If (X, Lo) € Ha is an irreducible principally polarized abelian sur-
face, then the associated Kummer plane (Pa,ly,...,ls) admits a rational curve C’
of degree 2d + 1 passing smoothly through exzactly k points of {l; N 1l;} and touch-
ing the singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,l1,...,ls) admits such a curve, then (X, Lo) € Har with A" < A.

Proof. Suppose first that (X, Lg) € Ha. According to Corollary 521 X admits a
line bundle La with (Lo-La) =1 and (L) = 152 = k — 4d(d + 1) — 4. Choose a
symmetric line bundle L = L3¢ ® La. Its intersection numbers (L?) = 4d?(L3) +
4d(Lo-La)+(LA) = 4d*+k—4 and (L-Lg) = 2d(L3)+(La-Lo) = 4d+1 are positive;
hence L is ample. By Lemma[5.3]the line bundle L3?® L is of type (1,2d?+ % —2).
By Proposition [[.T] we may choose L in such a way that #X5 (L) = k. Then by
Lemma [[2] rO(L)T = $((L?) — #X5 (L)) + 2 = d*> + 1. So Corollary [3.7] says
that there exists an even divisor D € |L| with multo(D) = 2d, such that D — {0} is
smooth, and C' = (D) is a rational curve on K x. C maps birationally to a rational
curve C' = (C' — {0}) C Py of degree deg C' = (D - Ly) — multo(D) = 2d + 1 (see
Lemmal[6.2)). Since DN Xy — {0} = X, (D) = X, (L), the curve C’ passes exactly
through k points of {I;N1;}, namely the images of X5 (L). Moreover, C’ is smooth
in these points (see Proposition[63](c)), and by Lemmal6I] C” touches the singular
lines [; in the remaining intersection points with even multiplicity.
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Conversely, suppose the Kummer plane of (X, Lg) admits a curve C’ as stated
above. By Proposition [6.4] there is a line bundle L € NS(X) with

A =(L-Lo)*—2(L%) <8d(d+1)+9—2k=A.
This implies the assertion. U

The following two theorems consider the case A = 0 mod 4. We omit the proofs,
since they are completely analogous to those of Theorems [T and

Theorem 7.3. Suppose that A = 8d% + 8 — 2k with integers d > 1 and k €
{4,6,8,10,12}. If (X, Lo) € Ha is an irreducible principally polarized abelian sur-
face, then the Kummer plane (Po,ly,...,1ls) of (X, Lo) admits a rational curve C’
of degree 2d passing smoothly through exactly k points of {l; Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity. Con-
versely, if (Pa,l1,...,lg) admits such a curve, then (X, Lo) € Har with A" < A.

Theorem 7.4. Suppose A = 8d(d + 1) + 12 — 2k with integers d > 1 and k €
{4,6,8,10,12}. If (X, Lo) € Ha is an irreducible principally polarized abelian sur-
face, then the associated Kummer plane (Pa,ly,...,l) admits a rational curve C’
of degree 2d+1 passing smoothly through exactly k—1 points of {l;Nl;} and touch-
ing the singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,l1,...,ls) admits such a curve, then (X, Lo) € Har with A" < A.

The following two theorems are due to Humbert.

Theorem 7.5. If (X,Lo) € Hsz is an irreducible principally polarized abelian
surface, then the Kummer plane (Pa,l1,...,1ls) of (X, Lo) admits an irreducible
rational curve C' of degree § — 1 passing smoothly through exactly three points of
{li N'1;} and touching the singular lines I, in the remaining intersection points
with even multiplicity. Conversely, if (P2, l1,...,ls) admits such a curve, then
(X, Lo) € Har with

A 262 —46+4  if § is even,
T 1262 —46+3  if 6 is odd.

Proof. We give the proof in the case § = 2d. The proof of the odd case is analogous.
Suppose first that (X, Lg) € Hsz = Hygz. According to Corollary 52 X admits a
line bundle La with (Lo - La) = 0 and (L3) = —5 = —2d?. Choose a symmetric
line bundle L = L ® La. Its intersection numbers are (L?) = d?(L3) + (L&) =
2d? —2d? = 0 and (L - Lg) = d(L3) + (La - Lo) = 2d. Hence there exists an elliptic
curve F on X such that L = Ox(E). One may choose L or E respectively in such a
way that E is a subgroup of X. In particular, E passes through four 2-torsion points
including 0. By Hurwitz’s Theorem the image C' = ¢(E) is a smooth rational curve
of degree deg C' = (E-Lg) = 2d = ¢ on Kx. C maps birationally to a rational curve
C' = 7(C —{0}) C Py of degree degC' = (E - L) — multg(E) = § — 1 (see Lemma
6.2). The curve C’ passes exactly through 3 points of {I; N[;}, namely the images
of EN Xy — {0}. Moreover, C’ is smooth in these points (see Proposition[6.3 (c)),
and by Lemma [6.1, C’ touches the singular lines /; in the remaining intersection
points with even multiplicity.

Conversely, suppose the Kummer plane of (X, L) admits a curve C’ as stated
above. By Proposition [6.4] there is a line bundle L € NS(X) with

A= (L-Ly)* —2(L?) < 8d* —8d+ 4 = 26% — 45 + 4.
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This implies the assertion. U

The next theorem presents the characterizations by curves of genus > 1.

Theorem 7.6. Suppose d and g are integers > 1.

(1) If (X, Lo) € Hg(a2—g) is an irreducible principally polarized abelian surface,
then the associated Kummer plane (Pa,ly,...,ls) admits a g-dimensional
linear system of curves C' of genus g and degree 2d all of which pass through
the four points Iy Nla,lo N3, I3 N4, 14 NI and touch the singular lines I;
in the remaining intersection points with even multiplicity. Conversely, if
(Pa,l1,...,1lg) admits such a linear system, then (X, Lg) € Ha with A <

8(d% — g).
(2) If (X, Lo) € Hgad+1)—g)+4 15 an irreducible principally polarized abelian
surface, then the associated Kummer plane (Pg, 11, ..., ls) admits a g-dimen-

sional linear system of curves C' of genus g and degree 2d + 1 all of which
pass through siz of the points {l; N 1;} and touch the singular lines l;
in the remaining intersection points with even multiplicity. Conversely,
if (Po,l,...,ls) admits such a linear system, then (X,Lo) € Ha with
A <8(d(d+1) —g)+4.

(3) If (X, Lo) € Hg(a2—g)+1 is an irreducible principally polarized abelian sur-
face, then the associated Kummer plane (Pa,l1,...,ls) admits a g-dimen-
sional linear system of curves C' of genus g and degree 2d all of which
pass through the three points l1 Nls,lo N3, I3 N1y and touch the singular
lines l; in the remaining intersection points with even multiplicity. Con-
versely, if (Pa,l1,...,ls) admits such a linear system, then (X, Lo) € Ha
with A < 8(d* — g) + 1.

(4) If (X, Lo) € Hgq2—g)—3 15 an irreducible principally polarized abelian sur-
face, then the associated Kummer plane (Pa,l1,...,ls) admits a g-dimen-
sional linear system of curves C' of genus g and degree 2d all of which pass
through the five points 11 Nla, loNls, I3Nly, 14N, 15Nl and touch the singular
lines l; in the remaining intersection points with even multiplicity. Con-
versely, if (Pa,l1,...,ls) admits such a linear system, then (X, Lo) € Ha
with A < 8(d* — g) — 3.

Here in each case the siz lines are meant to be numbered suitably.

Proof. (1) Suppose first that (X, Lg) € Hg(g2—g). According to Corollary B2, X
admits a line bundle L with (Lo - La) =0 and (L) = —% = 4(g — d?). Choose
a symmetric line bundle L = L2? ® La. Its intersection numbers (L?) = 4d?(L3) +
(LA) = 4(d®> + g) and (L - Ly) = 2d(L%) = 4d are positive; hence L is ample.
By Lemma [5.3] the line bundle L3¢ @ LA is of type (1,2(d? + g)). By Proposition
[ we may choose L in such a way that #X, (L) = 4. Then by Lemma
RO(L)T = $((L?) —#X5 (L))+2 = d*+g+1. So Corollary[3.Tsays that the general
member D of the linear system |L ®Z2¢|* is smooth on X — {0}, and maps to curve
C = ¢(D) of geometric genus go = g on Kx. C maps birationally to a curve
C' =7(C —{0}) C Py of degree degC' = (D - Ly) — multg(D) = 4d — 2d = 2d (see
Lemmal[6.2]). Since DNX, = X, (D) = X, (L), the curve C’ passes exactly through
4 points of {I;NI;}, namely the images of X, (L) and by Lemma 1], C’ touches the
singular lines /; in the remaining intersection points with even multiplicity. Because
of this the 4 points in {l; N ;} must be of the form Iy Nz, o N3, I3 Ny, la Ny.
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Conversely, suppose the Kummer plane of (X, Ly) admits a linear system as
stated above. Take a general member C of this linear system. By Proposition
there is a line bundle L € NS(X) with

A= (L-Lo)* —2(L%) <8d* —8—8g+8=8(d* — g).

This implies assertion (1). The proofs of (2), (3), and (4) follow the same pattern.
(]

As we saw in the proof of Corollary [L1, applying equation (I3) rather than
Proposition yields a more precise result for small A. Similarly, Humbert’s
results for A =4,8,9, and 12 are consequences of the Theorems above.

Corollary 7.2. Suppose (X, L) is an irreducible principally polarized abelian sur-
face.

A =4: (X, Lo) € Hy if and only if (numbering the 6 lines on its Kummer
plane (Pa,l1,...,1lg) suitably) the three points 1y N la,l3 N1y, ls Nl are
collinear.

A =8: If (X, Ly) € Hs, then the associated Kummer plane (Pa,l1,...,ls) ad-
mits a smooth conic passing through four of the 15 points {l; N {;} and
touching the singular lines l; in the remaining intersection points with
even multiplicity. Conversely, if (Pa,l1,...,ls) admits such a curve, then
(X, Lo) € Ha with A =8 or 4.

A =9: (X, Lo) € Hy if and only if its Kummer plane (Po,lq,...,ls) admits a
smooth conic passing through three of the 15 points {l;Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity.

A =12: If (X, Lo) € Hia, then its Kummer plane (Pa,ly,...,lg) admits a cu-
bic passing smoothly through three of the 15 points {l;Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,11,...,lg) admits such a curve, then (X, Lo) € Ha with
A =12 or8.

Proof. For the case A = 4 apply Theorem [T.5] for A = 8 apply Theorem with
d=1and k = 4, for A =9 apply Theorem [7.1] with d = 1 and k¥ = 4, and for
A = 12 apply Theorem [L A with d = 1 and k = 8. O

In the cases A = 13,16,17,20 and 21 we obtain similarly

Corollary 7.3. Suppose (X, Lo) is an irreducible principally polarized abelian sur-
face.

A =13: If (X, L) € His, then its Kummer plane (Po,ly,...,ls) admits a
cubic passing smoothly through siz of the 15 points {[;Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,11,...,lg) admits such a curve, then (X, Lo) € Ha with
A =13 orb.

A =16: If (X, Lo) € Hie, then its Kummer plane (Pa,ly,...,ls) admits a cu-
bic passing smoothly through three of the 15 points {l;Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,11,...,lg) admits such a curve, then (X, Lo) € Ha with
A € {4,8,12,16,20}.

A =17: If (X, Lo) € Hiz, then its Kummer plane (Pa,ly,...,lg) admits a cu-
bic passing smoothly through three of the 15 points {l;Nl;} and touching the
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singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,l1,...,ls) admits such a curve, then (X, Lg) € Ha with
A e {1,9,17}.

=20: If (X, Lo) € Hao, then its Kummer plane (Pa,l1,...,lg) admits a cu-
bic passing smoothly through three of the 15 points {l;Nl;} and touching the
singular lines l; in the remaining intersection points with even multiplicity.
Conversely, if (Pa,l1,...,ls) admits such a curve, then (X, Lg) € Ha with
A€ {4,8,12,16,20}.

=21: If (X,Lo) € Ho1, then its Kummer plane (Pa,lq,...,ls) admits a
curve of degree four passing smoothly through nine of the 15 points {l; N{;}
and touching the singular lines l; in the remaining intersection points with
even multiplicity. Conversely, if (Pa,l1,...,ls) admits such a curve, then
(X, Lo) € Ha with A € {5,13,21}.
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